Chapter 7

Ambiguous stabilizer codes and

quantum noise characterization

7.1 Introduction

A quantum error correcting code determines a subspace C such that allowed errors can
be corrected by a fixed recovery operation. When the recovered state is only required to
error-free up to a logical Pauli operation within code space C, we obtain an ambiguous
stabilizer code (ASC). This new type of stabilizer code introduced by us, generalizes the
concept of a degenerate code, which is the special case where the only residual logical
operation after recovery is the trivial one. An ASC cannot be used for error correction,
or even, strictly speaking, for error detection. The motivation for introducing ASCs
is the characterization of quantum dynamics. In comparison to QECCD, the present
method using ASCs requires a smaller size of quantum states. This can be helpful from
an experimental perspective, inspite of the cost of increased number of operations. We
call this method for process tomography as ‘quantum ASC-based characterization of
dynamics’ (QASCD).

The chapter is organized as follows. In Sec. 7.2 we define and provide the features
of ASCs via stabilizer formalism. We also show how the error correcting conditions Eq.
(1.54) are modified to suit the ASCs. Further in Sec. 7.2.3 we provide procedures to
construct ASCs and in Sec. 7.3 study their group theoretic properties. Next in Sec. 7.4
we describe the QASCD, and in Sec. 7.5 introduce various 4-qubit ASCs and work out

an example using them.
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7.2 Ambiguous stabilizer codes

7.2.1 Definition and basic features

A 2%-dimensional subspace C’ of n qubits, together with an allowed set E of Pauli error ba-
sis elements, is ambiguous when one or more errors cannot be distinguished via syndrome
measurements on the logical state. The indistinguishable errors need not require the same
recovery operations. Thus ambiguity generalizes the concept of degeneracy. Ambiguity
can be represented by partitioning E into ambiguous sets AP = {E(p Eép S v(p)}
of mutually indistinguishable Pauli errors. The collection of all ambiguous sets is the
ambiguous class A = {AM A® ... A} The order of ambiguity of the code is o,
while the degree of ambiguity is v = max, |A®)|. Any set of up to s known errors drawn
from distinct ambiguous sets A®) can be detected, and if the errors are known, they can
be corrected.

(p)

In an ambiguous set AP every element E).’ generates the same erroneous subspace
) )

with projector
2k—1

n® = ZEP)UL jL|E(p (7.1)

but individual code words are not necessarily mapped to the same erroneous code word.

Eq. (7.1) entails that the action of two ambiguous errors EY) and E®) are related by

EP)|jr) = NEP)|j.), (7.2)

where N € N. To see this, note that NEY |jL> = +EY N|]L> for any pair of Pauli

operators. Now,

2k71 2k71
> EPGIEDY = 30 BN GINED. =
=0 J=0

For the RHSs of Egs. (7.1) and (7.3) to be equal, clearly N must be a logical Pauli
operation. Now, from Eq. (7.2), we have N = EPED 1t E® ]j ) = N'EP \]L) then
N' = E®'EP . Thus, Nt = N’. If, and only if, [Eq(qf ,E(p)] = 0, then NT = N, and so
N =N

However, projectors to distinct unambiguous erroneous subspaces are orthogonal:
@@ = o, (7.4)

ifp#q.

100



7.2.2 Ambiguously detectable errors

Ambiguous errors £ and EY that are linked in Eq. (7.2) with N = I, where I, is the
logical Pauli identity operator, require the same recovery operation. Ambiguous errors
related by non-trivial logical Pauli operations will require distinct recovery operations.
Thus, an ambiguous code cannot be used for quantum error correction. Any error not
ambiguous with no-error (i.e., having 41 for all syndromes) can be detected, but errors
ambiguous with no-error cannot be detected. Thus ambiguous codes are weaker than
quantum error detecting codes.

For ASCs, the error correcting conditions (1.54) of Sec. 1.3.3 in Chapter 1 becomes

the ambiguous error detecting conditions:

p#q = BYPEY ¢ N (7.5a)
p=q = EPEYD ¢ N (7.5b)

Eq. (7.5a) implies that quantum error correction can be implemented for any collection
of known errors which belong to distinct ambiguous sets. Eq. (7.5b) implies that any pair
of errors belonging to the same ambiguous set will produce the same syndrome, and thus
be indistinguishable. In particular, if EX'EY € S, then (¢ |EQEP ) = (Wr|vr),
meaning that the two errors are mutually degenerate, and the ambiguity is harmless. On
the other hand, if EPEY e N -8 , then the erroneous code words they produce are
related by non-trivial logical Pauli operations Eq. (7.2). Therefore, if one implements a
fixed recovery operation, as in a QECC, in the case of ASC, this will in general produce
a mixture of states within the code space C’, which are logical Pauli rotated versions of
each other.

One may ask whether in Eq. (7.5), the implications (7.5a) and (7.5b) may be replaced
by B B ¢ N —S and EPEY ¢ N — S, respectively. However the first condition
would mean that it is possible to have EPEY € 8 even if p # q. If so, then we
would have <1/1L|E£,’Z)E7(ﬂ)|w> = (Yr|tvr) = 1, which contradicts Eq. (7.4). Therefore, the
implication (7.5a) is the only required definition of detectability and (7.5b) consequently
defines ambiguity. Degeneracy of two errors Ey, Es i.e., E1Fy € §, can happen if and only
if they belong to the same ambiguous set i.e., degeneracy is a special case of ambiguity
where N = I in Eq. (7.2).

In A, each ambiguous set A®) corresponds to the same error syndrome, so that order
o < 2% By definition, the set A® will contain the element I and, by virtue of
Eq. (7.5b), only elements of the normalizer A”. The remaining sets AN, A®) ... will
contain Pauli operators not present in N, since they will fail to commute with at least
one stabilizer generator. For unambiguous (and non-degenerate) recovery using a linear

QECC, the dimension of the code space and the volume |E| must satisfy the quantum
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Hamming bound, 2*|E| < 27, or
log(E) <n —k. (7.6)

A QECC that saturates Eq. (7.6) is called perfect. The 5-qubit code of Ref. [37] is
such an example. Any ambiguity will thus cause a perfect code to violate the Hamming
bound, while for an imperfect QECC, a sufficiently large degree of ambiguity would be
required to violate Ineq. (7.6).

7.2.3 Constructing ASC’s

The simplest way to produce an ASC is by error overloading a stabilizer code. This entails
allowing additional errors in violation of condition (1.54), such that instead condition (7.5)
holds. For example, consider the (perfect) 5-qubit code of Ref. [37]

0)s = ! (—00000) + |0111) — [10011) + [11100)
L/5 - 2\/§
+/00110) + [01001) + [10101) + [11010))

1
11); = ——= (—[11111) 4 [10000) + [01100) — [00011
L) 2\/5( |11111) + [10000) + [01100) — [00011)
+]11001) + |10110) — [01010) — |00101)) (7.7)

which corrects an arbitrary single-qubit error on any qubit. The code space is stabilized by
generators IXXYY, IYY XX, XIYZY,YXYIZ. They can each take values 1, thereby
determining 16 syndromes, corresponding to the 16 allowed errors E = {I, X, Y;, Z;}
where ¢ = 1,---,5. By allowing any more errors into the error set E, we introduce
ambiguity. In Table 7.1, we present a partial listing of the ambiguous class A for this
code. In all, it has 1 + (‘;’) -3+ (g) - 3% = 106 arbitrary 1-qubit and 2-qubit errors, of
which 49 are displayed. The errors are partitioned into their respective ambiguous sets,
labelled by the corresponding error syndrome. Set A has only 1 element, I, since all

other elements of A have a Hamming weight greater than 2.

Another way to create a ASC from a QECC is by syndrome coarse-graining: dropping
one or more syndrome measurements. For example consider not to measure the last
stabilizer of the QECC (6.4). From the first row of the Table 7.1 it can be seen that |A| =
8, A® = {I X} corresponding to syndrome (+ + +), AN = {Y;, Z,} corresponding to
syndrome (+ 4+ —), and so on. The order of ambiguity is halved and the degree of
ambiguity is doubled.

A final method to obtain an ASC begins by constructing a stabilizer code that corrects

arbitrary errors on m known coordinates. An ASC may then be obtained by allowing noise
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Tt [t = [ [ [ [ == [——F [+———
I X Y Z Xo Ys Y, X3
YoY;3 ZoZ3 XoX3 | Z1 X3 | X1 Xy | Y1X, 21X,
X3Yy Y3Xy 232, Y32, ZY3 Y573 Zo X4
e o e e [y pp——
Y3 Y, Xy X5 Zy Zy Zs Z3
X1Y, X1Ys Z,1Ys 1Y, X124y | Y143 AVA Y12,
XoZy | Z3Y)4 Zy X3 XoZs | XoYs X3Xy | X423 | VoY)

Table 7.1: Ambiguous class (partial listing) for the ASC obtained by error-overloading
the code (6.4), to allow arbitrary errors on any two qubits. Each error syndrome labels an
ambiguous set. The first error row in each column corresponds to arbitrary single-qubit
errors allowed in the original QECC. Addition of the two-qubit errors (second and third
rows of the table) to the list turns the QECC into an ASC. In all, there are 106 elements in
the ambiguous class, with |A©®| =1 and |[A®| =7 for p = 1,2,--- ,15. Thus the degree
of ambiguity is 7. An example of a full ambiguous set, corresponding to the syndrome
+ + +— has four more elements Eél) = X4X5,Eil) = 735, Eél) = Xng,,Eél) = ZyZy.
The normalizers between Eél) = X; and other elements in the set are Z; = X;Y5Y53,
=Y, = X0 X3Yy, Z; = X0 Xy X5, — X = X 2375, —Y, = X1 XoY5 and — X = X 1257,.
Any set of sixteen elements, with one drawn from each ambiguous set will satisfy condition
Eq. (7.5a), while any pair of errors within a column satisfy Eq. (7.5b) and thus are
ambiguous. Further note that the product of ambiguous errors linked by the same logical
Pauli are mutually degenerate (e.g., Eil)Eél) € §), while those linked by different logical

Pauli operators are not (e.g., Eil)Eél) eN-=3S).

to act on m’ known coordinates, where m’ > m. A detailed description of this method
and its application to the characterization of quantum dynamics [140] are considered

below.

7.3 Ambiguous group

An arbitrary error on [ qubits can be expressed as a linear combination of 4! Pauli
operators. Suppose these [-qubits form a subsystem of a [[n, k]] QECC. Setting |E| := 4!
in Ineq. (7.6) we find:

(7.8)

This means that a 5-qubit code can correct all possible errors on at most 2 fixed co-
ordinates. An example of a perfect code of this kind will be presented later. We thus
obtain a [[n, k]] ASC by allowing m noisy coordinates, where m > [ in Ineq. (7.8). The
order o of the code is just the number of syndromes, 2", while the degree of ambiguity
y = 4mjon—h — g2m=ntk,

Suppose we are given a [[n, k]] ASC with errors allowed on m known coordinates. It
is worth noting here that the set of errors (including the factors +1, 4) forms a group,

i.e., E = P,,. Further more, the subset of P, that is ambiguous with I,,, (the trivial error
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on the m qubits) constitutes a group, the ambiguous group, *B, as shown below.

Theorem 3 Given a [[n,k]] ASC with E = P,,, the subset B of allowed errors that

correspond to the no-error syndrome forms a normal group.

Proof. Note that if B;, By, € B, then I,,,B; = B, and I,,, B, = Bj, both commute with all
stabilizers, by virtue of Eq. (7.5b). (Note that this doesn’t imply that [B;, By] = 0.) For
any element G € G, then [B;By,G] = B;B,G — GB,;Bj, = 0, meaning that B; By, € B.
This guarantees closure of the set. By definition, [,, is an element of this set, and a Pauli

operator is its own inverse. Thus all required group properties are satisfied. [ |

For an ASC obtained in this way, the ambiguous class A has a simple structure. It

corresponds to a partition of P,,, determined by the quotient group

Q

Pm
- (7.9)

This means that any element E in P, is either in B or can be expressed as the product

of an element of B and an element not in B.

Example of a [[3,1]] ASC

A [[3,1]] perfect QECC that unambiguously corrects errors on the first qubit is:

0)5 = %(|001> +1010) 4 [100) 4 |111))

1) — %(|110> ~1101) + [011) — 000)), (7.10)

whose stabilizer generators are given by the set G3 = {XIX,YY Z}. The stabilizer is
thus the set of four elements, S3 = i* x 29 = i* x {I, XIX,YY Z, ZYY}, where the
pre-factor to the set indicates possible factors &1, 7. The normalizer N is the set of all
elements of P; that commute with the elements of S3. (We note that a Pauli operator P
commutes with every element of Sy iff P commutes with every of Gs.)

For QECC (6.14), the full normalizer N3 is given in Table 7.2. The subset S3 corre-
sponds to the identity logical Pauli operation I, while the elements of N3 —Ss correspond
to non-trivial logical Pauli operations, as tabulated in the columns of Table 7.2.

We create an ASC for the code words (6.14) by allowing errors, in addition to the
first coordinate, also on the second coordinate. There are four elements in Table 7.2 that
have no non-trivial operator on the last qubit, i.e., they are elements of P, ® I3, where
I3 is the identity operator on the third qubit. They are {I11, XZI, IY 1, XX}, which
constitute the ambiguous group B3. The partitioning of A for ASC (6.14) with E = Py
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I, - Xy Yr, zr
117 | XZI1 | 1Y | XXI
XIX | IZX | XYX | IXX
YYZ|YXY | YIZ |YZY
Z2YY | ZXZ | ZIY | ZZZ

Table 7.2: Normalizer for the [[3, 1]] stabilizer code (6.14) and their equivalence to logical
operations. All elements commute with the elements of S3, while their commutation
properties amongst themselves reflect the logical operation they represent. Thus, an
element in the column Y7 commutes with all elements in the same column and the column
I, but will anti-commute with every element in the columns -X; and Z;. On the other
hand, the elements in the column I, which are precisely those of Sz, commute with every
other element in the normalizer.

++ + - | -4+ | —= Normalizer
I X1 Y1 Z Iy,

Y, XYoo | Y, | Z1Y, | YL

X1 Xy | Xo 1 Xy | 1Xs | Z1

X1Zy | Zo I Zy | YiZy | =X

Table 7.3: Ambiguous class Az for errors on the first 2 qubits of 3-qubit code code
(6.14), depicting the quotient group (7.11). The first column is the ambiguous group
B3, drawn from Table 7.2. The remaining three columns are its cosets X8B3, Y185 and
Z1*B3, which represent ambiguous sets. The last column lists the normalizer element
with respect to first element in the column, in the sense of Eq. (7.2). For example, the
error Z1 75 takes the encoded state to the same error space as Y7 (denoted Y;C’), but then
Z1Zsljr) = —XYaljL)-

can be represented by the quotient group:
Qs = —= (7.11)

This is depicted in Table 7.3.

7.4 Application to noise characterization

We recall that, if p represents the quantum state of the system at time ¢ = 0, then it

evolves under the action of the noise to
E0)Y Xonn BmpF. (7.12)

Here we employ ASCs to determine the process matrix X, ,. A feature of QECCD is
that it makes use of the properties of the QECCs to allow CQD to run concurrently

with quantum computation, provided the allowed noise forms a group. Here, we extend
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QECCD by replacing the use of QECCs with that of ASCs. The purpose of invoking
ambiguity—indeed the principal motivation behind the construction of ambiguous codes—
is to be able to use smaller code words, thereby improving experimental feasibility. Of
course, this would entail, as detailed below, that more state preparations involving other
ASCs are required to unambiguously determine the process matrix. Thus there is a
trade-off between spatial resources (length of code words) and temporal resources (num-
ber of ASCs). We call this ambiguous extension of QECCD as ‘quantum ASC-based
characterization of dynamics’ (QASCD).

7.4.1 Noise characterization and QEC codes.

In QECCD, the basic idea is that the syndrome obtained from the stabilizer measurement
is used to correct the noisy state, while the experimental probabilities of syndromes will
characterize the noisy quantum channel. While direct syndrome measurements yield the
diagonal terms of the process matrix, for off-diagonal terms preprocessing via suitable
unitaries is required. For the purpose of noise characterization, the code qubits are
divided into two parts; (a) the qubits on which the elements of E act non-trivially; (b)
the remaining qubits.

The former qubits constitute the principal system P, whose unknown dynamics is to
be determined. The latter qubits constitute the CQD ancilla A, and are assumed to be

clean, i.e., noiseless. Suppose the full system P + A is in the state

2k_1

lYhr) = Z i), (7.13)

Jj=0

where {|j.)} denotes a logical basis for the code space of a [[p+ ¢, k]] ASC (which encodes
k qubits into n = p + ¢ qubits) such that allowed errors in the p known coordinates of
P can be ambiguously detected. Herebelow, we introduce a protocol to determine the
process matrix. The protocol has a quantum part and a classical part. The quantum
part involves using state preparations and syndrome measurements of different ASCs to
determine Y, ,, ambiguously. The classical part involves post-processing to disambiguate

the x, data.

7.4.2 Ambiguously determining the diagonal terms x;; and am-

biguous coherence terms Yy

Let @ be an ASC that can detect noise &, with associated process matrix x. Let E,;
(j = 0,1,2,--- ;v — 1) be the elements of an ambiguous set in @, with E, denoting

any one of these o;’s. It is convenient to employ the notation ‘ jéa)> = FE4|jr). The

106



probability that one of these ambiguous errors occur:

2k 1
g(/\aj> =Tr | € ([¢r)(¥rl) Zm i
2k 1
= U] X ] X ) )
j=0

F X Y] + Xenaa b G52 4] 177)

= -+ Xapen T Xa1,a2< o2 |¢(a1 ) + Xaz,m( o W(az )

—+ ong,ag + ..
=+ Xarar T Xavae (VLIN12|UL) + Xasar (VLI N2altr)
-+ Xaz,ag + ..
- ZX%C«J +2> Re (Xag o (Vi) (7.14)

Jj#k

where N, ,, = B, E,.

Let D = 2P, the dimension of P. In an unambiguous code, the D? diagonal terms
of x would appear as probabilities of syndrome measurements [140]. Now, however, in
any measurement outcome probability, only blocks of size v can be disambiguated from
syndrome measurements. Additionally, the diagonal terms must be disambiguated from
(g) cross-terms from within ambiguous sets. Part of the problem is solved by inputting
different initial states, by exploiting the fact that the y terms have factors given by
expectation values of different normalizer elements (logical Pauli operations). However,
the problem of disambiguation would still remain within each such logical Pauli class.
This can be sorted out using suitably chosen unitaries to pre-process the state before
measurement. This is discussed in Section 6.2.3. For accessing coherence terms of y
across ambiguous sets, we can either use the same technique, but with a different type
of unitary pre-processing, or use different ASCs. Finally, the method as described here
would only give either the real or imaginary part of any cross-term. Another unitary pre-
processor would be required, similar to that introduced by us in Ref. [140], to ‘toggle’
real and imaginary parts.

As an example of result (7.14), for the data in Table (7.3), the probability to obtain
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the outcome “4+7 is:

p(++) = xurar+ Xoviay + Xxx.xx + xxzxz +2 x [Re(xi,v)(Ye) + Re(xirxx){(Z1)
— Re(xrr.xz)(Xe) +Im(xrv,xx (X)) + Im(xrv,x2)(Z0) — Im(xxx.x2)(Ye)],
p(+—) = xx1x1+ Xxvxy +Xixix + Xiziz + 2 % [Re(xxr,xy)(Yr) + Re(xxr,1x){(ZL)
— Re(xxr12)(Xr) + Im(xxv.rx){(Xr) + Im(xxv,r2)(Ze) — Im(x1x,12)(Y)]
p(—+) = xvivi+Xxvvyy +Xzxzx + Xzzz2z +2 % [Re(xyvryy)(Ye) + Re(xvr,zx){Z1)
— Re(xvr.zz)(Xr) + Im(xyy,zx){(X5) + Im(xvy,z2)(ZL) — Im(xzx,22)(YL)],
p(—=) = Xziz1 + Xzvizy + Xvxyx + Xvzyz + 2 x [Re(xz1,2v){(Ye) + Re(xz1vx){(ZL)
— Re(xzryz)(Xz) + Im(Xzv,yx)(Xr) + Im(xzvyz){ZL) — Im(xyxyz) (Y- 15)

By choosing input [0)z, one finds P(++) = X1 + Xrviy + Xxxxx + Xxzxz +
Re(xrrxx) + Im(xrvxz) = ¢ + Re(xrxx) + Im(xrv.xz). By choosing input |+), =
\%(!Oﬁ + |1)1), one finds P(++) = ¢ + Re(xrr.xz) + Im(xv.xx). By choosing input
ML = \%(|O)L +1i|1)), one finds P(++) = ¢+ Re(xrr,rv) — Im(xxx,xz). We thus have
four unknowns, given by ¢ (the diagonal contributions), and the coefficients of (X ), (Y7)
and (Z1). One more input, say cos(#)|0z) + sin(0)|1,) will suffice to determine these 4
quantities. It will suffice to determine c¢. More generally, 4* (the number of logical Pauli
operations) preparations are needed to solve for c. When c is extracted for each outcome,
then each code gives D?/y = 2" % equations.

The cross-terms for ambiguous errors can be dealt with in other ASCs, where they cor-
respond to cross-terms that are unambiguous (described below) or using a pre-processing
unitary U(a,b) of the type described earlier.

At least v+ 1 ASCs will be required to disambiguate all D? diagonal variables. To see
this, suppose we begin with v ASCs. The D? equations corresponding to their outcome
probability will correspond to an adjacency matrix, wherein the D2/~ rows corresponding
to each code will sum to a unit row, i.e., one with 1’s in all columns. Thus there are (at
least) v — 1 constraints among the D? equations. Adding one more code will introduce
D?/~ equations and one more constraint i.e., 2°7% — 1 constraints. If there are no other
constraints in the first D? rows, and if 27" —1 > v—1, i.e., n—k > p, then the remaining
required linearly independent equations can be found from the last code. Thus, in general,

with ~-fold full degeneracy, the necessary number of preparations is v + 1.

7.4.3 Ambiguously determining coherence terms Y.

The method described in the preceding section can determine only the diagonal terms
X;,; and off-diagonal terms of pairs of ambiguous errors. To derive off-diagonal terms for

unambiguous errors, we need to preprocess the full system by applying a suitable unitary
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U, as detailed in the following subsection. However, even this may allow one to access
only the real or imaginary part of some off-diagonal terms. To access the other part of
the these off-diagonal terms, one would require pre-processing with unitary UT", prior

to stabilizer measurement. The construction of 7t is described later below.

Preprocessing with U.

The kind of U we consider will be in one of two forms. In the first form, U = \/Li (B, + Ey),
in case [F,, Ey) # 0. Here U is also Hermitian. The second kind unitary is given by U =
\/Li (E, + iEy), in case [E,, Ep] = 0. We require E, and E} to be mutually unambiguous,
for otherwise this method reduces to that of the preceding section.

First let us consider case of U(a,b) = U'(a,b). Let g E; = EaE,,, where the
E,,’s constitute an ambiguous set, and g4, € {£1, £i} is the Pauli factor. Similarly, let
9s,E; = EyEg,, where the Ejg’s constitute an ambiguous set, and gp, € {£1,%i} is a
Pauli factor.

When U(a, b) is applied to the noisy logical state, and an outcome x has been observed,
then one of the £; must have been detected, and thus the only contributing terms of £(py,)
will be those restricted to [1;”) and Wﬁj ). Denoting by Il¢ the projector to the code space
C of the ASC, the probability to observe x when U(a,b) has been applied is:

£(abyx) = Tr (U [E(W L) (W) UT (B, TICE,)) (7.16)

The terms within the square bracket in Eq. (7.16) that would make a contribution to the

probability of obtaining ambiguous outcome F, are:

—

+ Xavan E VO] + Xapaa ) (5]

+ Xana [V VW] + X a5 <a2\+

+ xmwf”><w;r+malwﬂ>< g

+ Xar g UYWL + X [0F) (0]

+ (7.17)

When the expression in Eq. (7.17) is left- and right-multiplied by U(a,b), then the only
resulting terms that contribute to the lhs of Eq. (7.16) are:

A Xanar L W]+ Xanasar g, [05) (0]
+ Xanon 949, [0V W]+ Xaan [0V WP 4+
+ Nawm 9 9o YO0+ Y1 angm g, 05 (0] + -
+ Xan,0200.95, UV O | + Xy 98290, [0 ) (1)

+ (7.18)
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The contribution of the first term in Eq. (7.18) to the probability in Eq. (7.16) would
be:

2k

(x 1 1) - (x
Corar = Xavan DG W05

=1

XalyOél' (719)

since the traced quantity has support only in the erroneous code space E,C’. Analogously,
the contribution of the fourth term in Eq. (7.18) to Eq. (7.16) would be €450, = Xas,az-
In like fashion, the contribution of the fifth and sixth terms in Eq. (7.18) to Eq. (7.16)
would be €4, 8, = Xa1,89495 and €, o1 = X51.0:9B94-

The contribution of the second term in Eq. (7.18) to the probability in Eq. (7.16)

would be:

2k
* (x 1 2), (z
€orar = Xovaa Oy DU 10E) @2 557)
j=1
* 2 1
= Xa1,009A4194, <w2 ) Wjé )>
= Xal,ang1gj:12 <N12>L7 (720)

where Ny; is the normalizer element that propagates error E4, to Ey4,. The contribution
of the third term in Eq. (7.18) to the probability in Eq. (7.16) would be, analogously to
Eq. (7.20), namely, €ay0; = Xag,a1 94,94, (No1)z- In like fashion, the contribution of the
seventh and eighth terms in Eq. (7.18) to Eq. (7.16) would be €4, 5, = Xa1,8,94, 95, (V12)L

and €B2,01 = Xﬁzmngng <N21>L-
Putting together all these €4, o, €a, 8, €tc., terms into Eq. (7.16), we obtain:

N
1
{(a,b,z) = Z {5 (X%'»%‘ + Xﬁj,ﬁj) + Re (gAg*BXajﬂj)

j=1

+ Y [Re (Xay.94,95, (Nix)r)

i<k
+ Re (x8,,8.98,95, (Njx)L)
+ Re (XajngkgAjg*Bk <N]7k>L)] . (721)
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If [E,, Ep] # 0 then we set U = % As a result, instead of Eq. (7.18), one gets:

1 1 * 1 2
o X OO + Xy aegan g, 100 (0]

+ Xanr 94595 W)V W] + Xasao 02 )7 + -+

— Xar5 9 95 U)W + X600 95 00, 0L W+

— Xa,594 95, [V WP+ X0 9800, 05 (1]

+ o (7.22)

Consequently, one obtains in place of Eq. (7.21):

v
<Z Xaj,o; X858 T Xoy.8; T Xﬁjﬂj)

Jj=1

§la,b,x) =

DO | —

+ Y [Re (Xay0094,95, (Ni) 1)

i<k
+ Re (x3,,8,98,95, (Nix)L)

It is worth noting that in Eqs. (7.21) or (7.23), in the terms that contain Pauli factors,
the matter of whether the real or imaginary part of the process element of the process
matrix contributes to the measured probability, depends on whether the Pauli factors
are of same type (real/imaginary). This is solved as in the case of QECCD by applying
toggling operation 7" described in Sec. 6.2.4 of Chapter 6.

7.5 Illustration with 4-qubit ambiguous codes

One can construct the ASC from dropping one or more qubits from QECC keeping the

S unchanged, so that it satisfies the error correction condition Eq. (7.5). Consider the

[[4, 1]] ambiguous code constructed by dropping the last qubit of [[5,1]] QECC,
1
0 = ——=(—1]0000 0010) + |0101 0111
Dube = s (<10000) + [0010) + 0101) + 0111
—[1001) + [1011) + [1100) + |1110))
U)e = —— (—[1111) + [1101) + [1010) + [1000)
—|0110) + [0100) + [0011) + [0001)) (7.24)

The stabilizers for this code are given by XII X, YIXY and YY ZZ.
By computer search, we obtained a family of 4-qubit code by dropping one of qubits
in the 5-qubit code of Ref. [37]. Because the code space has dimension 23, the two code

words are stabilized by 3 linearly independent 4-qubit Pauli operators, which correspond
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to the measured syndrome. Eq. (7.25) presents three such codes which beat the Hamming
bound by a factor of 2, and their corresponding syndrome operators are given in Table
7.4:

00)s = HH0L)4; [07)a = Hyy[0L)a. (7.25)

The logical 1 is given by |11); = [0z)4, where the overline in the ket indicates binary
complement (flipping 0 and 1). Similarly, for |1})4 and [17)s. Here Hzy = %(|0>(0| +
A|0) (L] +i[1){0[ +[1)(1]), Hyx = 5((1+4)[0)(0]+ (1 +4)]0) (1] = (1 —i)[1){0] + (1 —7)[1)(1])
and XY, Z I are 1-qubit Pauli operators. The logical operations on the first code are
X = XXXX and Z = ZZIZ, while those for the other two codes are corresponding
Hadamard-transformed operations.

Because of two-fold ambiguity, each syndrome corresponds to precisely two errors,
and the pairing of errors depends on the QEC code chosen, as seen from the Table 7.4.
The probability to obtain one of a pair of errors is the probability to obtain a syndrome
0, which is ambiguous for these two errors. For example, the probability that outcome
(+,—,—) in code Q is obtained yields the sum of the probabilities to obtain errors X
and XY, ie., x7r + xxv,xy. Thus, from the above conditions one obtains a system of
simultaneous equations that must be solved to characterize the noise completely. Using
Eqgs. (7.14), (7.21) and (7.23), the statistics of syndrome measurements on QECs Q, Q’
and Q”, X, for the 2-qubit noise £ can be completely characterized. From the Table
7.4, one can construct the following 16 expressions which can characterize the diagonal
elements of x,,, representing the “population of dynamics”

From O we have

X1,r + Xy2,ye = a1, Xx1,x1 + Xxv.xy = b1,
Xx2,x2 + Xz2,22 = €1, Xxx,xx + Xxzx2 = d1,
Xyx,yx + Xvzyz = €1, Xviyl + Xyvvyy = fi,

Xzz.27z t Xzz,zx = 91, Xz1,21 T Xzv,2y = hy (7-26)

From Q' we have

X171+ Xz2,72 = A2, Xx1,x1 + Xx2x2 = b2,

Xyiy1l+ Xyzyz = C2, Xz1,21 + Xzz,22 = d2 (7.27)

From Q"

X171+ Xx2,x2 = @3, Xx1,x1 T Xxx,xx = b3,

Xy1y1 + Xyx,yx = €3, Xz1,21 + Xzx,zx = d3. (7.28)
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9) X, [X, [ Y7 |Z |[XX]|YX]|ZX

Y, | XY | Z, |YY |2V |XZ|YZ|ZZ
XIIx [+ |+ [+ |- |- 1+ [- |-
YIXY [+ [- [+ [+ [- [- [+ [~
yvzz [+ |- |- |+ |- [+ [- 1+
Q II]X, [ X, | Y7 |Z | XX]|YX]|ZX

Zy | XZ |Y, |YZ|ZZ | XY |YY |ZY
1ZZzxX |+ [+ [- [+ [+ [- |- [-
XX [+ [+ |+ |- - 1+ 1= 1-
yzvz [+ |- |- |+ |- [+ [- 1+
Q" II][X, |V, |Y; |2 |XY|YY|ZY

X, | XX |YX |2, | ZX|XZ |YZ |22
IXXZ [+ [+ [+ [~ [+ [- - [~
XIXZ [+ [+ [- |+ |- |+ [- |-
YXYX [+ |- |+ |- |- [+ [- [+

Table 7.4: The Hadamard operation Hzy (Hyx) toggles errors Z and Y (errors Y and X)
while keeping error X (Z) fixed, and the above syndromes are corresponding toggled versions
of each other. The entry is ”+” when [}, E;] = 0 and ”—" otherwise.

Here y;,; are probabilities of getting syndrome § on codes Q, Q" and Q”. For this we

need 3 state preparations and a measurement on each state.

Example

To demonstrate how the method of characterizing an arbitrary quantum noise using
ambiguous QEC code works we consider noisy QEC code due to some artificial noise &4
to be

1—-6
Ealpr) =dpr+ 5 (X1pp X1+ XZprXZ + YoprYe

1
+e+id)p XX + (e+if) X ZpLYs + c.0) (7.29)

The diagonal terms of x,,, can be determined using the codes Q, @', Q".

Here for solving the off-diagonal terms using Eq. (6.7) only one code Q suffices as
there are fewer errors in £4. The following set of linearly independent equations for off-
diagonal terms are obtained by performing various unitary operations U (a, b) followed by

ambiguous syndrome measurements.
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E(Xy, Xo, 1/X,) — Z X =01 = Im(Xy,X,) —Im(I, XX) (7.30)
E(X1, X0, 1/75) — ZX” =0, = Im(X;,X,) —Re(XZ,Y5) (7.31)
EI,XX,1)Ys) — ZX“ =0y = Im(I,XX)+Re(XZ,Ys) (7.32)

(7.33)

where j = X, Xy, XY, Z5. In Eq. (7.33), while the values of £(a,b, x) are obtained
during syndrome measurements on noisy QEC codes, that of > ; Xj; are obtained from

solving Eq.(7.26,7.27,7.28). Solving the above set of equations,

1 b
Im(Xl,XQ) = 5(01 —|— 02 + 03) = 6
1
Re(XZ.Yy) = (01— 0y+0y) = g
1 d
Im([, XX) = 5(—01 + OQ + Og) = 6 (734)
O, = —Re(X1,X5) —Re(l, XX) (7.35)
O, = Re(Xy,X5)+Im(XZ,Y,) (7.36)
O = Re(I,XX)+Im(XZ,Y5) (7.37)
(7.38)

A general observation points out that we have 8 variables in the system of linearly
independent equation but only 6 such equations making the set to have no solution.
For the set to be solvable we need two more linearly independent equations. This can be
solved by preprocessing the noisy states with the toggling operation .S. The two equations
obtained this way are

The above two is obtained using the toggling S(X;, XY, Z,..|X3). Solving the above

linearly independent equations we have

]' / / / a
1
Wm(XZ%) = J(0+0,+ 0y =1
1
Re(I, XX) = 5(=0] - 04+0}) = % (7.39)
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7.6 Discussion and conclusion

In this Chapter, we introduced a new class of stabilizer codes, namely ambiguous stabilizer
codes (ASCs), for which the recovered state is only required to be error-free up to a logical
Pauli operation within code space C. This generalizes the concept of a degenerate code,
which is the special case where the only residual logical operation after recovery is the
trivial one. We discussed different procedures to construct ASCs.

We showed that arbitrary errors on m known coordinates of a [[n, k]] ASC can be
characterized as a quotient group over the set of all Pauli errors that are ambiguous
with no-error. We also showed how these ASCs can be employed for CQD, which helps
in reducing the size of quantum states and would thus be helpful from an experimental
perspective. But the price to be paid was in terms of increased number of operations

required for disambiguating the errors.
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